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Quantum fluctuations of local quantities can be a direct signature of entanglement in an extended quantum
many-body system. Hence they may serve as a theoretical (as well as an experimental) tool to detect the
spatial properties of the entanglement entropy of a subsystem – more specifically, its scaling with the size of
the subsystem itself. In the ground state of quantum many-body systems, this scaling is typically linear in the
boundary of the subsystem (area law), with at most multiplicative logarithmic corrections. Here we propose a
microscopic insight into the spatial structure of entanglement and particle-number fluctuations using the concept
of contour, recently introduced to decompose the bipartite entanglement entropy of lattice free fermions between
two extended regionsA andB into contributions from single sites inA [1]. We generalize the notion of contour
to the entanglement of any quadratic (bosonic or fermionic) lattice Hamiltonian, as well as to particle-number
fluctuations. The entanglement and fluctuations contours are found to generally decay when moving away from
the boundary between A and B. We show that in the case of free fermions the decay of the entanglement
contour follows closely that of the fluctuation contour: this establishes a microscopic link between the scaling
of entanglement and that of particle-number fluctuations, and it allows to predict the presence (or violation) of
entanglement area laws solely based on the density-density correlation function. In the case of Bose-condensed
interacting bosons, treated via the Bogoliubov and spin-wave approximations, such a link cannot be established
– fluctuation and entanglement contours are found to be radically different, as they lead to a logarithmically
violated area law for particle-number fluctuations, and to a strict area law of entanglement. Analyzing in depth
the role of the zero-energy Goldstone mode of spin-wave theory, and of the corresponding lowest-energy mode
in the entanglement spectrum, we unveil a subtle interplay between the special contour and energy scaling of
the latter, and universal additive logarithmic corrections to entanglement area law discussed extensively in the
recent literature.
PACS numbers:
I. INTRODUCTION
Entanglement in many-body systems. Entanglement prop-
erties of quantum many-body states physics has emerged as
one of the most active fields in the study of complex quan-
tum systems [2, 3]. The classification of quantum many-body
states according to their entanglement properties is a priori
completely independent with respect to the conventional clas-
sification based on observables that have a classical counter-
part, such as order parameters and correlation functions. En-
tanglement between the degrees of freedom of an extended
quantum system has the consequence that any subsystem is
described by a reduced density matrix possessing a finite en-
tropy – the so-called entanglement entropy. A fundamental
characterization of entanglement in an extended many-body
system is hence represented by the scaling of the entangle-
ment entropy of a subsystem A with its size. Such a scaling
is generally sub-extensive for ground states of local Hamilto-
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nians [3], revealing a fundamental difference between entan-
glement entropy and equilibrium thermal entropy. This dif-
ference is even more marked when realizing that the scaling
of entanglement entropy may depend crucially on the nature
of the ground state phase (critical vs. short-ranged, symmet-
ric vs. symmetry-breaking, etc.). The classification of states
based on the scaling of entanglement is generally weaker than
the one based on correlation properties. Nonetheless, given
that entanglement has no classical analog, it is of fundamen-
tal importance in the characterization of phases that have no
classical counterpart either, such as quantum critical points or
incompressible quantum liquids [4].
Entanglement vs. fluctuations. In this perspective, being
able to measure tangible consequences of entanglement in an
experiment would represent a fundamental progress in our
ability to prepare and characterize quantum many-body states.
A useful point of view is represented by the idea of interpret-
ing the ground state entanglement entropy as the entropy of
ground state quantum fluctuations. Several recent works [5–
9] have been devoted to establishing a relationship between
entanglement entropy and the local fluctuations of globally
conserved quantities, such as particle-number (magnetization)
fluctuations in lattice quantum gases (quantum spin systems
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2with an axial symmetry). This turns out to be indeed pos-
sible in the particular cases of free fermions [5] and of one-
dimensional Luttinger liquids [7], but the problem is com-
pletely open for models going beyond these examples. To
face this ambitious task, it is fundamental to understand the
correspondences or differences among the scaling behavior of
entanglement entropy and of fluctuations properties (namely
of the various moments of the probability distribution of fluc-
tuations), and the microscopic origin of such behavior.
The scaling of fluctuations is clearly controlled by the de-
cay of correlation functions. In the case of entanglement,
on the contrary, the decay of correlations can only establish
an upper bound on the scaling, as entanglement cannot be
longer-ranged than correlations [53]. For exponentially de-
caying correlations, this upper bound implies the area law
of entanglement, namely entanglement is proportional to the
boundary surface of the subsystem, as it is exponentially con-
fined around the boundary – this statement is now proved rig-
orously for a wide class of systems [10, 11]. On the other
hand, for critical correlations the scaling of entanglement can
obey an area law (as in the case of Bose-condensed bosons
[12–16]) or a logarithmically violated area law (as in the case
of d-dimensional free fermions with a finite density of states at
the Fermi energy [17, 18]). Most importantly, the two above
cited examples display the same scaling of particle-number
fluctuations [5, 6, 9, 17, 19, 20], showing that the relationship
between entanglement and fluctuations is a fundamental, con-
stitutive aspect of the phase of the system, as well as of the
statistics obeyed by its constituents. A fundamental question
that one can ask in this respect is then the following: can we
relate the (leading term of the) scaling of entanglement to that
of a particular moment of fluctuations, and hence to the decay
of a particular correlation function?
Entanglement and fluctuation contours. In order to answer
this question, a very useful tool is offered by the concept of
entanglement contour, introduced recently by Chen and Vi-
dal [1] in the specific case of free fermion models. The en-
tanglement contour provides a decomposition into single-site
contributions for the entanglement entropy of a subsystem im-
mersed in an extended lattice quantum system. The contour
decays when moving away from the boundary between the
subsystem A and its complement B, exposing in this way
the spatial structure of entanglement in the many-body sys-
tem. Here we generalize the study of the entanglement con-
tour to a broad class of quadratic Hamiltonians, including free
fermion models (Fermi liquids, semimetals, band insulators,
integer quantum Hall insulators), as well as to weakly interact-
ing Bose gases treated within the Bogoliubov approximation,
and to hardcore bosons/ quantum spin models treated within
spin-wave theory. Moreover we naturally introduce the con-
cept of fluctuation contour for particle number fluctuations,
related to the correlations of the particle number fluctuations
between each site of the subsystem A and its complement B.
The fluctuation contour allows therefore for a first, direct com-
parison between the spatial structure of entanglement and that
of particle-number fluctuations.
Our central results are two-fold: 1) In the case of quadratic
fermion Hamiltonians, we find that entanglement and particle-
number fluctuations have the same spatial structure, as the two
contours are essentially proportional to each other in all mod-
els we considered; 2) In the case of quadratic bosonic models
the two contours are completely disconnected. In the partic-
ular case of the weakly interacting Bose gas, the area law of
entanglement is found to originate from a contour decaying
exponentially at short distance, with a decay length related
to the healing length of the condensate; and decaying alge-
braically at long distance, with a decay exponent larger than
unity, and seemingly dependent on the interaction strength.
For hardcore bosons only the algebraic decay survives – in
the absence of a finite healing length – with an exponent close
to two. This is in stark contrast with the fluctuation contour,
which decays like the inverse of the distance to the boundary
between A and B in all cases, leading to a logarithmic vio-
lation of the area law for particle-number fluctuations. These
results establish that the entanglement contour is essentially a
measurable quantity for fermions thanks to its correspondence
with the fluctuation contour; on the other hand, the question of
an observable signature of entanglement entropy and contour
for bosonic systems remains completely open.
The structure of the paper is as follows: Sec. II discusses
the rigorous link between local particle-number fluctuations
and entanglement; Sec. III reviews the main results concern-
ing the scaling of entanglement entropy and fluctuations in the
ground state of quantum many-body systems; Sec. IV intro-
duces the concept of entanglement and fluctuation contours
for quadratic Hamiltonians; Sec. V and Sec. VI discuss the
results for the contour of fermions and bosons respectively;
Sec. VII discusses the special role of the lowest mode in the
entanglement spectrum for bosonic Hamiltonians; and con-
clusions are drawn in Sec. VIII.
II. BIPARTITE FLUCTUATIONS IMPLY
ENTANGLEMENT
In the following we consider a generic, spatially extended
quantum system in d spatial dimensions, which we divide into
two portions A and B, and show that, in a globally particle-
number conserving model, local particle number fluctuations
imply entanglement between A and B. While this implica-
tion is intuitive (the exchange of particles between A and B
being the physical mechanism that mediates entanglement),
its simple rigorous proof is not present in the literature to our
knowledge.
We assume that the HamiltonianHAB describing the whole
system conserves the total number of particles N = NA +
NB , and consider any one of its eigenstates |Ψ〉 (including the
ground state). The Schmidt decomposition of |Ψ〉with respect
to a AB bipartition reads :
|Ψ〉 =
∑
α
λα|ψα〉A ⊗ |φα〉B
where the basis (|ψα〉A) diagonalizes the reduced density ma-
trix ρA = TrB(ρAB), and ρAB = |Ψ〉〈Ψ|. Since N is a good
quantum number of HAB , any eigenstate of HAB is a simul-
taneous eigenstate of N , whence [ρAB , NA +NB ] = 0. This
3in turn implies that
TrB [ρAB , NA +NB ] = [TrB(ρAB), NA] = 0 ,
so that the states |ψα〉A = |N (α)A , {k(α)}〉A can be chosen to
be a basis of eigenstates of NA (where {k(α)} are the other
quantum numbers labeling the states)
|Ψ〉 =
∑
α
λα |N (α)A , {k(α)}〉A ⊗ |N −N (α)A , {k′(α)}〉B .
Hence for any eigenstate |Ψ〉 the existence of a finite uncer-
tainty on the local particle number NA implies a Schmidt de-
composition with at least two terms, and a finite entanglement
entropy SA = −TrρA ln ρA = −
∑
α λα lnλα. This estab-
lishes particle-number fluctuations as a fundamental signature
of entanglement. A similar reasoning applies to any model
possessing a globally conserved quantity O, and exhibiting
fluctuations of the corresponding local quantity OA. An im-
portant example is that of quantum spin systems possessing an
axial symmetry: fluctuations of the local magnetization along
the symmetry axis imply entanglement. In what follows we
shall focus on lattice-gas models, and on the variance of the
particle-number distribution δ2NA = 〈N2A〉− 〈NA〉2, a quan-
tity we shall refer to simply as particle-number fluctuations.
III. SCALING BEHAVIOR OF ENTANGLEMENT AND
FLUCTUATIONS : A SURVEY
In the following we specialize our attention to the ground
state of the system, and to the situation in which A and B are
connected, so that they admit only one connected, (d − 1)-
dimensional boundary. We indicate with l the characteristic
linear dimension of A, and with L the linear dimension of the
total AB system. We shall consider only the case of trans-
lationally invariant Hamiltonians, leaving the case of disor-
dered models for future discussion. As already mentioned in
the introduction, a distinctive feature of different ground state
phases is the scaling with l of the entanglement entropy and
of the local fluctuations of globally conserved quantities. In
the following we shall shortly review known results, as well
as original results from this work, concerning the leading term
of such scaling for both free and interacting models. We shall
cite uniquely the case of lattice quantum gases, and of quan-
tum spin models with a uniaxial symmetry.
Gapless free fermions with a Fermi surface, Luttinger liq-
uids. Free fermions with a finite density of states ρ(εF ) at the
Fermi energy εF are known to obey a logarithmically violated
area law for both entropy [17, 18, 21] and fluctuations [5, 9]:
SA ∝ ld−1 ln l ; δ2NA ∝ ld−1 ln l . (1)
Furthermore, entropy and fluctuations are related in the very
same way as in a degenerate free-fermion gas in the grand-
canonical ensemble [9], namely:
SA =
pi2
3
δ2NA +O(1) . (2)
In the case of d = 1, a logarithmic scaling of both entangle-
ment entropy and fluctuations is a distinctive feature of all
gapless critical phases – described by Luttinger liquid the-
ory – and can be traced back to their conformal invariance
[21]. Nonetheless the proportionality coefficient is not uni-
versal, as SA ≈ c/3 ln l where c is the central charge [21],
while 〈δ2NA〉 ≈ (K/pi2) ln l, with K corresponding to the
Luttinger parameter [7].
Gapped free fermions. If the Fermi energy falls inside a
gap, free fermions obey a strict area law for both entropy and
fluctuations [3, 17, 18, 22]:
SA ∝ ld−1 ; δ2NA ∝ ld−1 . (3)
This encompasses both (trivial) band insulators as well as
topological insulators, such as integer quantum Hall states
[23] and quantum spin-Hall states. However, unlike in the
previous case, the proportionality factor between the leading
scaling terms of entropy and fluctuations is not known in gen-
eral.
Non-interacting bosons. Free bosons with a unique ground
state, forming a perfect Bose condensate, represent a very spe-
cial case: fluctuations obey a volume law, and entanglement
entropy scales like ln l [24] :
SA ∝ ln l ; δ2NA ∝ ld . (4)
Indeed for a pure condensate, the particle-number fluctua-
tions within region A are purely binomial, with a distribution
P (NA) =
(
N
NA
)
xNAA (1 − xA)N−NA where xA = (l/L)d is
the weight of the condensate wave-function in region A – the
associated variance is δ2NA = NxA(1 − xA) ≈ NA for
xA  1. The entanglement entropy SA is simply the entropy
of the binomial distribution P (NA).
Condensed interacting bosons. Interacting bosonic models
with a Bose-condensed ground state in d > 1, such as the
weakly interacting Bose gas or hardcore bosons with a non-
integer filling, display an entanglement area law, but a loga-
rithmically violated area law for fluctuations
SA ∝ ld−1 ; δ2NA ∝ ld−1 ln l (5)
In the case of the weakly interacting Bose gas, the scal-
ing of fluctuations is indeed predicted by Bogoliubov theory
[19, 20]; as it will be shown in Sec. VI, the same theory pre-
dicts also the area law of entanglement. A similar behavior
is found in the S = 1/2 Heisenberg antiferromagnet on the
square lattice both via quantum Monte Carlo [6, 12–14] and
with spin-wave theory [6, 15]; extension of this behavior to
generic gapless hardcore bosons is discussed in Sec. VI.
Gapped bosonic models. Models of interacting bosons with
a gapped spectrum, such as the XXZ model with Ising-like
anisotropy, or dimerized Heisenberg antiferromagnets, have
exponentially decaying correlations functions, and therefore
obey area laws for both entanglement and fluctuations [10,
11], but general predictions do not exist for the proportionality
factor relating the two.
The variety of behaviors exhibited by the above-cited mod-
els seems to escape a simple classification. While a distinc-
tion is easily done in the case of free fermions between critical
4vs. short-range-correlated systems, such a distinction does not
hold for bosons. In particular, area laws of entanglement are
observed both for short-range-correlated as well as for critical
models, suggesting that their origin must be different. It is the
purpose of the following sections to unveil the microscopic
origin of entanglement area laws in different quadratic mod-
els via the use of contours [1], and to relate/contrast them to
the behavior of fluctuations.
IV. ENTANGLEMENT HAMILTONIAN AND CONTOURS
A. Entanglement Hamiltonian from correlation functions
In this section, we describe the general procedure (inspired
by [25]) to extract the entanglement properties from correla-
tion functions of a general quadratic Hamiltonian, fermionic
or bosonic. A simplified treatment when the correlations func-
tions are real was evoked in Refs. [26, 27] and detailed in
Ref. [28] for bosons, but our approach is fully general and
treats bosons and fermions on the same footing. Without loss
of generality, we shall consider a d-dimensional hypercubic
lattice with size Ld. The Hamiltonian has the form
H =
∑
ij
[
a†iHijaj +
1
2
(
a†iGija
†
j + ajG
∗
ijai
)]
. (6)
where Hij and Gij are Ld × Ld matrices, and the field oper-
ators satisfy the commutation relations aia
†
j + a
†
jai = δij ,
a
(†)
i a
(†)
j + a
(†)
j a
(†)
i = 0, with  = −1 for bosons and +1 for
fermions.
Being semi-positive definite, the reduced density matrix
ρA can always be cast in the form ρA = exp(−HE) where
HE (the so-called entanglement Hamiltonian) is an Hermi-
tian operator, and for quadratic models it is also a quadratic
form. Indeed, if ρAB = |Ψ〉〈Ψ| with |Ψ〉 the ground state of
a quadratic Hamiltonian, it is a Gaussian state and any cor-
relation function factorizes according to the prescriptions of
Wick’s theorem. But as correlation functions concerning de-
grees of freedom in A can also be calculated using ρA, apply-
ing Wick’s theorem in reverse actually implies that ρA is the
exponential of a quadratic form. [54]
Without loss of generality, we can consider a subsystem
A with size VA = ald, where l is the characteristic linear
dimension and the a prefactor takes care of the aspect ratio of
A. The entanglement Hamiltonian HE can then be written in
terms of two VA × VA matrices A and B as follows:
HE =
∑
ij
[
a†iAijaj +
1
2
(
a†iBija†j + ajB∗ijai
)]
(7)
where A is Hermitian. As shown in Ref. 25, and as further
discussed in Appendix A, there exists an invertible matrix U
such that:
η
(A B
B∗ A∗
)
= U
(
ω 0
0 −ω
)
U−1 (8)
where ω = diag(ω1, · · · , ωVA) > 0, η = diag(1VA , 1VA),
and 1VA is the VA × VA identity matrix. In fact the U matrix
satisfies the identity ηU−1η = UT , namely it is unitary in the
case of fermions and “η-unitary” in the case of bosons. The
ωα (α = 1, ..., VA) eigenvalues form the so-called (single-
mode) entanglement spectrum, and the associated eigenvec-
tors (encoded in the columns of U ) will be hereafter denoted
as entanglement eigenmodes. The matrix U writes as
U =
({uα} {v∗α}
{vα} {u∗α}
)
(9)
where uα = (uα(i1), ..., uα(iVA)) and vα =
(vα(i1), ..., vα(iVA)) are the mode eigenfunctions, satis-
fying the normalization condition∑
i
(|uα(i)|2 + |vα(i)|2) = 1 . (10)
Both the single-mode spectrum and the corresponding
eigenmodes can be obtained via the diagonalization of the
generalized correlation matrix [26], composed by the one-
body correlation matrices Cij = 〈a†iaj〉 and Fij = 〈aiaj〉,
and sharing the same eigenmodes with the entanglement
Hamiltonian:(
− C∗ F
−F ∗ C
)
= U
(
diag(− nα) 0
0 diag(nα)
)
U−1
(11)
where nα = 1/(exp (ωα) + ) are the mode occupations. The
above relation implies that the knowledge of the spectrum of
a quadratic hamiltonian HE , and the knowledge of the one-
body correlation functions obtained from it, are equivalent on
the basis of the Wick’s theorem. Obviously, the procedure
works for any reduced density matrix of Gaussian form, which
includes the case of finite temperatures T as well. Entangle-
ment (thermal) entropy at T = 0 (T > 0) is then simply ex-
pressed as the thermal entropy associated with the populations
nα of the (fermionic or bosonic) eigenmodes:
S =
∑
α
Sα =
∑
α
[−(1− nα) ln(1− nα)− nα lnnα ] .
(12)
B. Entanglement contour from the local density of states of the
entanglement Hamiltonian
1. Entanglement contour: generalities
The concept of entanglement contour was proposed re-
cently [1] as a way to decompose the entanglement entropy
of region A into contributions coming from the individual de-
grees of freedom contained in that region. The entanglement
contour Cs(i) is a lattice function defined on A such that
SA =
∑
i∈A
Cs(i) , (13)
5so that Cs(i) ≥ 0 represents the contribution of site x to en-
tanglement entropy between A and the remainder B. This
quantity offers a deep insight into the origin of different entan-
glement scalings, and the possibility of clarifying how widely
different models may show the same (dominant) entanglement
scaling. Note that the contour accounts for the entanglement
of site i with B in all its possible forms, namely as bipartite
entanglement between i and degrees of freedom of B, as well
as multipartite entanglement involving i, further degrees of
freedom of A and degrees of freedom of B – yet the contour
does not account for the entanglement involving exclusively
degrees of freedom in A.
In principle many functions Cs(i) can satisfy the sum rule
in Eq. (13), and one may conclude that the contour is not well
defined. Ref. [1] states a list of plausible conditions which a
well-defined contour should satisfy – and which, aside from
positivity, basically require that the contour has the same spa-
tial symmetries as those of the A region. While these condi-
tions narrow down the possible functions Cs(i), they cannot
identify one unique definition of Cs(i). Hence a specific defi-
nition requires a physically motivated, constructive approach,
which can be taken in the case of the quadratic models of
our interest. The modal decomposition of entanglement of
Eq. (12) suggests that, introducing a (mode-dependent) nor-
malized weight function wα(i) satisfying
∑
i∈A wα(i) = 1,
one has
S =
∑
α
Sα =
∑
i
∑
α
wα(i)Sα (14)
which leads to the contour
Cs(i) =
∑
α
wα(i)Sα . (15)
The choice of wα(i) satisfying the criteria of Ref. [1] is a pri-
ori arbitrary mathematically, but we argue that, from a physi-
cal point of view, only one choice is meaningful.
2. From the local density of states to the local entropy
It is physically compelling to require that Cs(i) has the same
form as the local thermodynamic entropy at site i in a system
A (without any complement B) coupled to a thermal reser-
voir – as entanglement entropy and thermal entropy must be
continuously connected when T is varied from zero to a finite
value. To obtain a general expression (valid both for bosons
and fermions) for the local entropy of quadratic Hamiltonians
such asHE , it is helpful to use Green’s function theory, which
allows to define a local density of states. For both bosons and
fermions, one can introduce the T = 0 retarded Green’s func-
tion [29]:
GR(i, j; t) = −i θ(t) 〈Ψ0|[ai(t), a†j(0)]|Ψ0〉 (16)
where [...] is the commutator for bosons and anticommutator
for fermions and |Ψ0〉 is the many-body ground state. From
the temporal Fourier transform of the Green’s function one
can naturally define the local spectral weight
W (i, ω) =
1
pi
Im
[
GR(i, i;ω)
]
(17)
which takes the explicit, general form
W (i, ω) =
∑
n
(
|〈Ψn|a†i |Ψ0〉|2 δ(ω − ωn0)
+ |〈Ψn|ai|Ψ0〉|2 δ(ω + ωn0)
)
(18)
where |Ψn〉 are the many-body Hamiltonian eigenstates with
energies En, and ωn0 = En − E0. From the local spectral
weight one can then define a (one-body) local density of states
(LDOS) at positive frequency ω > 0, given by
ρi(ω) = W (i, ω) +W (i,−ω) (19)
with the meaning of a density of states for excitations (ω >
0) induced by adding/subtracting a single particle from the
ground state at site i.
We now restrict our attention to a system which admits a
description in terms of free (quasi-)particles, and which is di-
agonalized by (uα,vα) modes, as it is the case of all the mod-
els of interest to this work. Under this circumstance the ex-
cited states |Ψn〉 created by adding/subtracting a particle from
the ground state are readily obtained from the quasi-particle
eigenmodes, and the LDOS takes the form
ρi(ω) =
∑
α
(|uα(i)|2 + |vα(i)|2) δ(ω − ωα) . (20)
This expression is well known for fermions – as it provides
the response of the system in scanning tunneling microscopy
experiments [30, 31] – and it readily generalizes to the case of
bosons via the above treatment. The total density of states for
quasi-particle eigenmodes is then obtained by integrating the
LDOS over the whole system, ρ(ω) =
∑
i ρi(ω).
Given the general relationship between the entropy and the
density of states in a quadratic (bosonic or fermionic) model:
S = −
∫
dω ρ(ω)
{
(1− n(ω)) ln [1− n(ω)]
+n(ω) lnn(ω)
}
(21)
it follows immediately that the local entropy is obtained by
replacing ρ with ρi in the previous equation.
We then require the entanglement contour to be equal to the
local thermodynamic entropy of a fictitious system described
by the quadratic entanglement Hamiltionan HE at finite T .
Hence it takes the form
Cs(i) =
∑
α
(|uα(i)|2 + |vα(i)|2)Sα , (22)
namely wα(i) = |uα(i)|2 + |vα(i)|2. The above expression
generalizes the definition of entanglement contour of Ref. [1]
(restricted to fermions) to the case of generic quadratic Hamil-
tonians for fermions and bosons alike. In all the examples
considered below we find that the contour is positive definite
– although this is not obvious in the case of bosons, since
 = −1.
6x
x
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1 l
(a) (b)
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B
FIG. 1: Geometries of A subsystems used in the calculations. (a)
A is the ld region obtained by cutting in half a (hyper)torus of size
2l×ld−1; (b)A is a (hyper)cube of size ld carved from a (hyper)torus
of much larger size Ld.
C. Fluctuation contour
As one of our main goals is to compare the spatial struc-
ture of entanglement with that of fluctuations, we introduce
the contour of particle-number fluctuations Cn(i) (hereafter
called simply the fluctuation contour) via the obvious decom-
position of the particle-number fluctuations in A into local
contributions :
Cn(i) = 〈δniδNA〉 (23)
such that δ2NA =
∑
i∈A Cn(i). Cn has the same spatial sym-
metries as those of the A region, and can have positive or neg-
ative sign (like any correlation function). At T = 0 (or at
finite T in the canonical ensemble) δNA = −δNB , so that
Cn(i) = −〈δniδNB〉, showing that Cn(i) represents the cor-
relation function between the density fluctuations at site i and
those in the whole complement B. As we shall later see, in
the case of fermions the comparison between the contours of
entanglement and fluctuations further corroborates the expres-
sion of the entanglement contour; while for bosons it funda-
mentally justifies the difference between the scalings of en-
tanglement and fluctuations.
V. ENTANGLEMENT AND FLUCTUATION CONTOURS
FOR FERMIONS
We begin our discussion by considering the case of
quadratic fermionic Hamiltonians, whose entanglement con-
tour has already been extensively studied in Ref. [1]. Our
goal in this context is the comparison between the entangle-
ment contour and the fluctuation contour. As we will see, this
provides a microscopic real-space insight into the tight rela-
tionship between entanglement and fluctuations for fermions.
In this perspective we will restrict our attention to particle-
number conserving Hamiltonians (namely we will consider
Bij = 0 in Eq. (7)), mainly because local particle-number
fluctuations take unphysical contributions in the absence of
total particle-number conservation. [55]
For free fermions with particle-number conservation, the
entanglement eigenmodes reduce to ordinary single-particle
lattice wavefunctions uα (namely vα = 0), and both entan-
glement and fluctuation contours have simple expressions in
terms of such eigenmodes:
Cs(i) =
∑
α
|uα(i)|2Sα
Cn(i) =
∑
α
|uα(i)|2nα(1− nα) . (24)
In the following we inspect the relationship between entan-
glement and fluctuation contours for a wide class of transla-
tionally invariant, particle-number conserving models, realiz-
ing gapless metals and semimetals, as well as gapped trivial
band insulators and topological Chern insulators.
A. Gapped and gapless free fermions
To investigate topologically trivial metals and insula-
tors, we consider the model Hamiltonian defined on a d-
dimensional hypercubic lattice:
H = −t
∑
〈ij〉
(c†i cj+h.c.)+
∑
i
(−1)i∆c†i ci−µ
∑
i
c†i ci (25)
whose spectrum, for a filling 0 < n < 1, is gapless when
n 6= 1/2 at any value of ∆; and gapped for n = 1/2 when
∆ 6= 0, with a gap given by 2∆ As already mentioned in
Sec. III, entanglement and fluctuations obey an area law in the
presence of a gap (implying exponentially decaying correla-
tions); while, if ρ(εF ) 6= 0, the area law for both quantities is
violated by a logarithmic multiplicative factor, and their lead-
ing scaling behavior is identical up to a proportionality factor,
as in Eq. (2). These scaling behaviors are easily understood
at the level of the contours. Without loss of generality we can
imagine that A + B is a hypertorus of size 2l × ld−1, and
that the A subsystem is half of the total system, having size ld
(see Fig. 1(a)). As the contours are constant along the bound-
ary of A, they are uniquely characterized by their evolution
as one moves orthogonally to the boundary along the x direc-
tion. Indicating with r = (x, y . . . ) the d coordinates of site i,
we shall then denote Cn,s(x) =: Cn,s(x, l/2, . . . , l/2) the con-
tours calculated along a trajectory orthogonal to the boundary;
Cn,s(x) are periodic functions of period l. With this geome-
try, the scaling of entanglement entropy and particle-number
fluctuations as a function of l are then immediately obtained
as
SA = l
d−1
l∑
x=1
Cs(x) 〈δ2NA〉 = ld−1
l∑
x=1
Cn(x). (26)
An area law will be therefore respected or violated depend-
ing on the convergent/divergent nature of the integrals of the
Cs,n(x) functions. A similar conclusion holds also for dif-
ferent geometries of the subsystem A, namely in the case in
which A is a ld (hyper)cube carved out of a (hyper)torus, as
shown in Fig. 1(b); in this case one can characterize the be-
havior of the contours from their variation as one moves along
one of the axes of symmetry of the cube (as implied by the
definition of Cn,s(x)).
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FIG. 2: (a) Fluctuation contour and entanglement contour for gapped
and gapless free fermions described by Hamiltonian (25). A is a line
of 200 sites in a circle of 400 sites (d=1), and µ = 0 (half-filling).
Contours are normalized by their value at the boundary C(1). (b)
ratio (pi2/3)× Cn/Cs.
Our findings for free fermions are summarized in Fig. 2,
where we observe that, sufficiently far from the boundary
Cn, Cs ∼ 1/x (27)
for gapless fermions, whereas
Cn, Cs ∼ e−x/ξ (28)
for gapped fermions. Actually the most appropriate functional
form is that of a symmetric function around x = l/2, namely
x−1 + (l + 1− x)−1 and e−x/ξ + e−(l+1−x)/ξ, respectively.
In the case of gapped fermions, the correlation length is pro-
portional to the inverse of the gap, ξ ≈ c/∆.
In both cases, the decay of the fluctuation contour is read-
ily obtained from the known decay of density-density correla-
tions; indeed one has that
Cn(i) = −〈δniδNB〉 = −
∑
j∈B
〈δniδnj〉 . (29)
Starting from the toroidal geometry of Fig. 1(a), we may
further simplify the calculation by assuming that the system
is in fact a semi-infinite cylinder (whose radius tends to in-
finity), where the A subsystem corresponds to the coordi-
nates 1 ≤ x ≤ l along the cylinder, and B corresponds to
−∞ ≤ x ≤ 0. Hence
Cn(i) = −
 0∑
xj=−∞
∞∑
yj=−∞
...
 〈δniδnj〉 (30)
The asymptotic behavior of the density-density correlation
function for free fermions with a finite Fermi surface is well
known [32], and it decreases as 〈δniδnj〉 ∼ −|ri−rj |−(d+1)
(the case d = 1 is discussed explicitly in the Appendix B).
The d integrations implied by Eq. (30) eliminate the depen-
dence on all coordinates of site i but xi, and leave out a 1/xi
dependence for Cn(i). On the other hand, for exponentially
decaying correlations the integration over theB region clearly
leads to an exponentially decaying contour.
As a consequence, putting together Eqs. (26), (27) and (28)
one readily obtains a logarithmic violation of the area law in
the gapless case, and an area law in the gapped one. In the case
of entanglement entropy and contour, our observations simply
confirm the results of Ref. [1]. Our original finding consists
in the fact that, in the case of gapless fermions, the fluctua-
tion contour appears to be proportional to the entanglement
contour, with the same proportionality factor pi2/3 relating
the dominant scaling behavior of the entanglement entropy
and particle-number fluctuations, as in Eq. (2). A closer in-
spection in the contours shows that exact proportionality holds
only when contours are calculated deep in the bulk ofA, while
closer to the boundary the ratio Cs/Cn shows Friedel-like os-
cillations at wavevector 2kF = 2pin. [56]
This result corroborates the choice of the expression of the
entanglement contour for free fermions from a physical point
of view. Indeed the entanglement contour (expressing the
contribution of a site in A to the entanglement between A
and B) bears the same relationship to the fluctuation contour
(expressing the contribution of the site to the correlations in
particle-number fluctuations between A and B ) as that re-
lating the global entanglement entropy of A with the global
particle-number fluctuations in A. Turning this argument on
its head, one may conclude that the entanglement contour be-
ing proportional to the fluctuation contour, the logarithmic vi-
olation of the area law for gapless fermions can be viewed as
a consequence of the peculiar power-law scaling of density-
density correlations, namely one can infer entanglement scal-
ing from the behavior of correlation functions. A similar rea-
soning also applies to the gapped case. Indeed Fig. 2 shows
that an approximate proportionality holds also in the case of
gapped fermions, although the proportionality factor appears
to be non-universal and to depend on the gap. As already men-
tioned in Sec. III, the pi2/3 prefactor, relating Cs and Cn in the
gapless case, is the same as the prefactor relating S and δ2N
in a gas of free gapless fermions at low temperature: this co-
incidence may suggest the existence of local thermodynamic
relations linking the contours, analog to the relations valid for
the thermodynamics of the bulk system. This idea resonates
with recent works [33, 34], where e.g. the reduced density ma-
trix of conformally invariant quantum field theories has been
shown to admit the form of the exponential of the microscopic
energy density, modulated in strength by an “entanglement
temperature” varying spatially like 1/x. For d = 1, in which
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FIG. 3: (a) Brick-wall lattice. The lattice is rotated by pi/4 to align
the directions of the toroidal simulation box with the natural axes of
the square Brillouin zone of the system. The unit cell, containing
two sites, is represented, as well as a typical region A of 3 × 3 unit
cells. The double black arrow indicates the trajectory along which
the contour are calculated. (b) Fluctuation contour and entanglement
contour for the brick-wall Hamiltonian at half-filling. A is a cylinder
of 200× 200 unit cells in a torus of 200× 400 unit cells. Solid lines
show fits of the form Cn = a[1/xαn + 1/(l + 1 − x)αn ] + b and
Cs = a′[1/xαs + 1/(l + 1 − x)αs ] + b′, with αn ≈ αs ≈ 2. (c)
Ratio (pi2/3)× Cn/Cs as a function of x.
the conformal invariance applies to free fermions, the spatial
dependence of the contours we observe is recovered by posit-
ing that such contours depend on the entanglement tempera-
ture in the same way as the thermal entropy and fluctuations
depend on temperature. Further elaborations on the link be-
tween contours and the notion of local entanglement thermo-
dynamics go beyond the scope of the present paper, and will
be the subject of future work.
B. Semi-metals
In the previous section we have proposed a quantitative link
between the scaling of the entanglement entropy and the be-
havior of the density correlation function in free fermionic
models via the use of contours. In particular we have dis-
cussed well-known models of fermions having a finite density
of states at the Fermi energy, or displaying a gap in the spec-
trum. We shall now test it in a less conventional situation,
namely the case of semimetals having a gapless spectrum but
a vanishing density of states. For this scope, we consider the
minimal model of graphene, namely the tight-binding model
on a honeycomb lattice at half filling - which, for the conve-
nience of the calculation, is deformed into a brick-wall lattice
(Fig. 3(a)).
The fundamental result of Ref. [17] and [18] relates the
prefactor of a logarithmically violated area law of entan-
glement and particle-number fluctuations to an integral over
the Fermi surface, which vanishes if such a surface has di-
mensions (d − 2) or lower (as in semimetals). Hence in a
semimetal the area law is expected to dominate the scaling
of entanglement and fluctuations, as it does in insulators –
in the case of entanglement, the area-law scaling has indeed
been numerically verified in Ref. [35]. Nonetheless the model
is gapless and critical, and it exhibits power-law correlations,
as in the case of metals. Therefore for an area law to be re-
spected, the decay of correlations and of contours must be
sufficiently fast. Fig. 3(b) shows the entanglement and fluc-
tuation contours for the fermionic brick-wall lattice at half
filling, remarkably showing that also in the case of semimet-
als the two contours appear to be exactly proportional in the
asymptotic limit of large distance from the boundaries, and
that the proportionality factor is again close to (but systemat-
ically lower than) pi2/3. Doping the system away from half
filling, we fall back to the case of a properly defined metal as
described in the previous section, for which one expects the
pi2/3 factor to be exactly verified; hence half filling appears
to be a singular case in this respect.
The decay of contours has an algebraic form, which we fit
numerically finding 1/xα with α ≈ 2; in the case of the fluc-
tuation contour this is expected from a density-density corre-
lation function decaying as 1/x4, which we verified numeri-
cally to be the case.
C. Chern insulators
To conclude this section on fermions we consider the sim-
plest model of a topologically non-trivial insulator, namely an
integer quantum Hall state on a square lattice at filling (=num-
ber of flux quanta per particle) given by ν = 1. The magnetic
field has a flux φ per unit cell which is an integer fraction
of a flux quantum, namely φ = φ0/Q with φ0 = h/e the
flux quantum and Q an integer. Within the Landau gauge, the
magnetic field is encoded in the complex hoppings in the y
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FIG. 4: (a) Fluctuation and entanglement contours for a quantum
Hall state at ν = 1. A is a cylinder of 60 sites in a torus of 60× 120
sites. Solid lines are guides for the eye. (b) Ratio (pi2/3) × Cn/Cs
as a function of x.
direction, with a x-dependent phase shift :
H = −t
∑
j
(c†j+xˆcj + e
2ipix/Qc†j+yˆcj + h.c.)− µ
∑
j
c†jcj .
(31)
The original cosine band of the square lattice is split into Q
sub-bands, and we choose a chemical potential µ so as to fill
the lowest subband, possessing a nonzero Chern number. The
gapped spectrum guarantees the area laws to be strict for both
entanglement and fluctuations – contrary to what is found in
the case of the fractional quantum Hall effect [36, 37], no
universal subleading corrections are expected in the integer
quantum Hall case (as verified in Ref. [23]), being a non-
interacting topological phase. Fig. 4 shows that the area laws
originate from exponentially decaying contours for both en-
tanglement and fluctuations, with superposed fluctuations in-
duced by the gauge potential. Indeed the model in Eq. (31) has
a Q× 1 unit cell due to the gauge choice; the contours, being
gauge-invariant, display a Q × Q unit cell which restores the
symmetry between the x and y axis. We observe again that the
contours are nearly proportional to each other, modulo the Q-
periodic fluctuations, and in particular that the proportionality
factor is very close to pi2/3 close to the boundary.
D. Discussion
We have observed that the fundamental proportionality ex-
hibited by entanglement and particle-number fluctuations of
free fermions for widely different phases (metallic, semi-
metallic, trivial band insulating and topological band insulat-
ing) originates at the microscopic level from a close relation-
ship between the entanglement and fluctuation contours, ex-
hibiting essentially the same spatial dependence. For gapped
phases both contours decay exponentially, and they do so with
the same decay rate, given by the correlation length of density-
density correlations.
For gapless phases the contours decays algebraically, and
they appear to be strictly proportional in the asymptotic limit
of large distance from the boundaries of the A region:
Cs(x→ l/2) = γ Cn(x→ l/2) (l 1) (32)
where γ = pi2/3 in the metallic phase, and generically α .
pi2/3 for the other phases. Actually, we remark that the entan-
glement eigenmodes α which significantly contribute to the
contours Eq. (24) have an amplitude |uα(l/2, l/2)| which is
very weakly dependent on α. For x = l/2, Eq. (24) can thus
be rewritten as:
Cs(l/2) ≈ |u(l/2, l/2)|2
∑
α
Sα = |u(l/2, l/2)|2 SA (33)
Cn(l/2) ≈ |u(l/2, l/2)|2
∑
α
nα(1− nα)
= |u(l/2, l/2)|2 δ2NA (34)
Hence, the fact that Cs(l/2) = (pi2/3)Cn(l/2) is implied by
the proportionality SA = (pi2/3)δ2NA – this remains true
also in the vicinity of x = l/2. However, the proportionality
holds even away form x = l/2, namely even in regions the
eigenmodes profile strongly depends on α. The proportion-
ality in Eq. (32) implies that the leading scaling behavior of
the entanglement entropy and fluctuations, given by the inte-
gral of the respective contours, is necessarily the same when
such integrals are dominated by the tail – this is indeed the
case when such integrals diverge in the limit l → ∞. Hence
our result provides a real-space insight into the origin of the
relation Eq. (2).
On the other hand, the short-range behavior of the contours
accounts for a strict area law and for further subleading scaling
terms, which are expected to differ between entanglement and
fluctuations as the proportionality does not hold among con-
tours at short distance. Nonetheless our observations show
that contours, even though not strictly proportional, mimic
each other very closely even at short distance.
The above conclusions may appear unsurprising in the case
of gapped phases with a finite correlation length - as the decay
of contours is expected to be exponential with the same decay
rate. One could argue that it is also to be expected for metals
exhibiting a logarithmically violated area law, as the logarithm
naturally stems from the integral of a 1/x decay of both con-
tours. Nonetheless in the latter case it is remarkable that all
fluctuations at wavevectors which are multiples of kF , char-
acterizing correlation functions, nearly disappear in a simi-
lar manner in both contours, showing that the correspondence
10
among contours goes well beyond the simple power-law de-
cay. Moreover in the case of semimetals the area law exhib-
ited by entanglement and fluctuations could in principle stem
from different power-law decays with a convergent integral,
which is found not to be the case. These fundamental corre-
spondences show that measuring density-density correlations
of free fermions allows to obtain essentially all features of the
entanglement contour. As we shall see in the next section, this
is definitely not the case for bosons.
VI. DECREASE OF CONTOURS FOR BOSONS
In this section we investigate the entanglement and fluctu-
ation contours for lattice bosons featuring Bose-Einstein con-
densation in the widely different regimes of weak interac-
tions, and of infinite (hardcore) interactions. In both cases
appropriate theoretical descriptions reduce the Hamiltonian to
a quadratic form, lending itself to an exact analysis of the en-
tanglement Hamiltonian and in particular of its eigenmodes,
as described in Sec. IV. To the best of our knowledge, an anal-
ysis of the spatial structure of entanglement eigenmodes has
not been performed before in the case of quadratic bosonic
Hamiltonians (apart from the case d = 1 [28]). Willing to de-
scribe Bose-condensed systems, we focus on two-dimensional
lattices (unless otherwise specified). Two spatial dimensions
have the advantage of featuring proper Bose condensation in
the ground state on the one hand; and, on the other hand, they
allow to keep the numerical effort of diagonalization of the
correlation matrix to a minimum.
The common starting point of all the following sections is
the minimal model of lattice bosons with contact interactions
(namely the Bose-Hubbard model)
H = −J
∑
〈ij〉
(
b†i bj + h.c.
)
+
g
2
∑
i
b†i b
†
i bibi . (35)
This interacting model will be then reduced to a quadratic
form of the kind Eq.(7) via Bogoliubov theory in the case of
weakly interacting bosons, and via spin-wave theory in the
case of hardcore bosons. Before discussing the models di-
rectly, we shall provide some general details of the diagonal-
ization procedure of the quadratic Hamiltonian.
A. Quadratic Hamiltonian and Bogoliubov diagonalization
All the models we shall consider later on are defined on
translationally invariant lattices, and hence are most conve-
niently expressed in Fourier space. Their quadratic Hamil-
tonian, having the form Eq. (7) in real space, reduces to the
following form in k-space:
H = 1
2
∑
k
(
b†k b−k
)(Ak Bk
Bk Ak
)(
bk
b†−k
)
(36)
where Ak and Bk are real coefficients. The above Hamilto-
nian can be diagonalized by a canonical Bogoliubov transfor-
mation
bk = ukβk − vkβ†−k (37)
where βk, β
†
k are bosonic operators destroying/creating Bo-
goliubov quasiparticles.
Requiring the above transformation to diagonalize H and
to satisfy bosonic commutation relations for βk, β
†
k, leads to
the following expressions for the uk and vk coefficients:
uk =
1√
2
(
Ak√
A2k −B2k
+ 1
)1/2
(38)
vk =
Ak
|Ak|
1√
2
(
Ak√
A2k −B2k
− 1
)1/2
(39)
This reduces H to the form H = ∑k Ekβ†kβk + const.,
where
Ek =
√
A2k −B2k . (40)
In order to calculate entanglement properties, we only need to
know the regular and anomalous (one-body) correlation func-
tions 〈b†rbr′〉 and 〈brbr′〉. In terms of Ak and Bk, they may
be expressed as :
〈b†rbr′〉 = −
1
2
δr,r′ +f(r−r′) 〈brbr′〉 = g(r−r′) (41)
where
f(r) =
1
2V
∑
k
eik·r
Ak√
A2k −B2k
g(r) =
1
2V
∑
k
eik·r
−Bk√
A2k −B2k
(42)
To calculate fluctuation properties we need the two-body
correlation function, whose calculation is slightly more elabo-
rate. Its precise expression will be discussed model by model.
B. Weakly interacting Bosons
1. Bogoliubov theory
In the case of weak interactions, namely gn  1, a quan-
titatively accurate approach of the model in Eq. (35) is rep-
resented by the Bogoliubov approximation, which, in its sim-
plest formulation, amounts to regarding the ground state of
the system as described by a coherent state in the k = (0, 0)
mode, plus weak quantum fluctuations around it. This allows
to replace the field operator bi by
√
n0 + δbi, where n0 ≈ n
is the condensate density and δbi incorporates the weak quan-
tum fluctuations around the coherent-state limit. Expanding
the interacting Hamiltonian up to quadratic order in the fluc-
tuations, one obtains the well-known Bogoliubov Hamiltonian
[38]:
HBogo = E0 +
∑
k 6=0
[
(k + gn)b
†
kbk +
gn
2
(b−kbk + b
†
kb
†
−k)
]
(43)
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where k = 4J−2J (cos kx + cos ky) is the lattice dispersion
relation. Hamiltonian (43) is of the form (36) with Ak =
k + gn and Bk = gn.
The Bogoliubov Hamiltonian of Eq. (43) only describes the
quantum dynamics of particles out of the condensate, while
the condensate itself is treated as a classical field, and its
contribution to entanglement and quantum fluctuations is ne-
glected. Nonetheless, as discussed in Sec. III the entangle-
ment entropy of a pure condensate scales as ln l, so that in
d ≥ 2 it only contributes a subleading term to the area law
expected for the entanglement entropy of the weakly inter-
acting Bose gas; this implies that, within this framework,
we can only describe entanglement entropies up to additive
logarithmic corrections. On the other hand, the extensive
particle-number fluctuations exhibited by a pure condensate
(and quoted in Sec. III) are a “pathology” of the ideal gas.
In the presence of interactions, the condensate still exhibits
extensive fluctuations due to the exchange of particles with
the non-condensed part, but the sum of condensed and non-
condensed particles exhibits much weaker fluctuations, scal-
ing sub-extensively with the size of A. This is predicted by
Bogoliubov theory [19, 20, 39] and confirmed via quantum
Monte Carlo [6][57].
2. Scaling of fluctuations and entanglement entropy
From the Hamiltonian in Eq. (43), it is clear that entangle-
ment entropy and contour depend on the interaction g and den-
sity n only through the product gn. Moreover, as discussed in
Appendix C, the density-density correlation function is :
〈δniδnj〉 = n
V
∑
k 6=0
eik·(ri−rj)
k√
k(k + 2gn)
. (44)
Hence the density-density correlation function has the form
〈δniδnj〉 = nf(gn), and the fluctuation contour inherits this
property.
Fluctuations of particle number in the two dimensional
weakly interacting Bose gas were calculated via Bogoliubov
theory in Ref. [20], where the following asymptotic behavior
for a region A with the geometry of a disk of radius R was
proved :
δ2NA = nRξh ln
(
λ
R
ξh
)
. (45)
Here ξh is the healing length – which on a lattice takes the
form ξh =
√
J/(gn) – and λ a numerical constant. Gener-
alizing this result to the case of a square region A of side l,
and including subleading corrections, one may conjecture the
following universal scaling form for the fluctuations
δ2NA
ξ2h
= Fn
(
l
ξh
)
(46)
with the asymptotic behavior
Fn(x→∞) ≈ a n xd−1 lnx+ b xd−1 + c+ ... (47)
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FIG. 5: Particle number fluctuations (a) and entanglement entropy
(b) of the two-dimensional weakly interacting Bose gas in the Bo-
goliubov approximation on a l/2 × l torus, for various values of
g. For each l, A is a cylinder of size l/2 × l/2, having a bound-
ary of length l. Solid lines show fits of the form δ2NA/ξ2h =
a(l/ξh) ln(l/ξh) + b(l/ξh) + c, with a ≈ 0.24 and b ≈ 0.1 and
SA = a
′(l/ξh) + b′ ln(l/ξh) + c′, with a′ ≈ 0.065. This corre-
sponds to the scaling forms of Eq. (47) and Eq. (48) for d = 2.
A similar guess can be made about the entanglement entropy,
namely SA = FS(l/ξh) with
FS(x→∞) = a′ xd−1 + b′ lnx+ c′ + ... (48)
Here a, a′, b, b′, c, c′ are constants independent of (or weakly
dependent on) g and n. In the following, unless otherwise
specified we fix the density to n = 1, and we let the interaction
g vary over the range e−14J . . . e−1J .
The choice of the Fn and FS functions is motivated by the
result of Eq. (45) on fluctuations (generalized to account for
plausible subleading corrections, including an area law), and
by the mounting evidence of entanglement area laws in gap-
less bosonic systems [12–16, 40, 41], with additive logarith-
mic corrections coming from Goldstone modes [42] and cor-
ner contributions [41, 43]. Fig. 5 shows that the above scal-
ing Ansa¨tze are well confirmed by our results, with the co-
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FIG. 6: Entanglement contour Cs and fluctuation contour Cn in the
weakly interacting Bose gas. A is a 71 × 71 square embedded in a
1001 × 1001 torus (a) or a half-torus (b), i.e., a 71 × 71 cylinder
(with PBC in the y direction) in a 143 × 71 torus. The cut is taken
along the x axis, at y = 36, for g/J = exp(−2.5) and n = 1.
efficients of the subleading terms (b, c, b′ and c′) depending
weakly on g. Actually, the scaling forms in Eqs. (47) and (48)
are found to be valid only in the limit gn/J  1 (which in
any case is the limit of validity of Bogoliubov treatment), and
deviations occur outside this regime. [58]
3. Fluctuation and entanglement contours
Eqs. (47) and (48) establish a fundamental difference be-
tween the scaling laws of fluctuations and entanglement: in
turn, contours provide an invaluable insight into the origin of
such difference. Fig. 6 shows the contours Cs(x) and Cn(x) as
a function of the distance from the boundary of A, for A pos-
sessing the two geometries described in Fig. 1. While both
geometries should give the same result in the limit l → ∞,
we observe strong finite-size effects for the size explored in
Fig. 6, and, in the case of the square-in-a-torus geometry,
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FIG. 7: Fluctuation contour on a half-torus (a) and entangle-
ment contour on a square (b) for the weakly interacting Bose
gas. Solid lines show fits of the form Cn = A[1/xα +
1/(l + 1 − x)α], with α ≈ 1 and A ∝ ξh and Cs =
A′
[
e−x/ξ + e−(l+1−x)/ξ +A′′[1/xα
′
+ 1/(l + 1− x)α′ ]
]
, with
ξ ≈ 0.6ξh and α′ ≈ 1.3 for g = exp(−4) and increases with g.
Insets: same data plotted as a function of x/ξh(g).
there exists also a significant dependence on the size of the
complement B when A and B are comparable. In particu-
lar a finite-size, non-monotonic behavior of the entanglement
contour complicates the analysis in the case of the half-torus
geometry; on the other hand, the latter geometry is best suited
to attain the asymptotic regime on smaller sizes. Hence in the
following we choose to analyze Cs on the square-in-a-torus
geometry, and Cn on the half-torus one – see Fig. 7.
Figs. 6 and 7 clearly show a vast qualitative difference in the
decay of entanglement and fluctuation contours. For points in
the bulk of A (namely 1 x l) the data in Fig. 7 are very
well fitted by the following symmetrized forms
Cn(x)/Cn(1) ≈ Al
[(
ξh
x
)αl
+
(
ξh
l + 1− x
)αl]
(49)
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FIG. 8: Fluctuation contour (a) and entanglement contour (b) at the
boundary ofA for the weakly interacting Bose gas, for various values
of of g. When A is a square, the chosen site is at the middle of an
edge. The dependence on g is almost fully accounted for by rescaling
l to ξh.
Cs(x)/Cs(1) ≈ A′l
[
e−x/ξl + e−(l+1−x)/ξl (50)
+A′′l
(
1
xα
′
l
+
1
(l + 1− x)α′l
)]
.(51)
The fitting coefficientsAl, A′l, A
′′
l , αl, α
′
l, ξl should be in prin-
ciple extrapolated to the limit l → ∞ in order to extract the
asymptotic decay of the contours. The fluctuation contour can
be investigated on very big sizes l of the A region, given that
the density-density correlation function in Eq. (44) is readily
obtained via a sum over the Brillouin zone. On the other hand,
the calculation of the entanglement contour requires the diag-
onalization of the (2l)d × (2l)d correlation matrix , which is
a more demanding numerical task, substantially limiting the
system sizes we can access. [59]
For the fluctuation contour, our data are consistent with
αl → 1 for large l independently of g and n, justifying the
logarithmic violation of the area law for particle-number fluc-
tuations via Eq. (26). The inset of Fig. 7(a) shows moreover
that plotting Cn(x)/Cn(1) as a function of x/ξh leads to a
collapse of the various curves for different g, implying that
the Al constant is nearly independent of g and n. In addition
to that, Fig. 8(a) shows that the boundary value Cn(1) admits
the scaling form Cn(1) ≈ f(l/ξh) with f(∞) ≈ 1/2. Putting
everything together this implies that, for l→∞ and x 1
Cn(x) ≈ A∞
2
ξh
x
. (52)
The leading term of δ2NA can therefore be obtained by inte-
grating the tail of Cn(x), namely
δ2NA ≈ 2A∞ l
2
∫ l/2
1
dx
x/ξh
= A∞ l ξh
[
ln
(
l
ξh
)
+O(1)
]
(53)
which, upon identifying a and A∞, reproduces the dominant
term of the scaling form in Eq. (47) with n = 1.
For the entanglement contour on the square-in-a-torus ge-
ometry, the smaller values of l we can access substantially
limit the analysis of the asymptotic behavior. Nonetheless the
inset of Fig. 7(a) indicates again that plotting Cs(x)/Cs(1) as
a function of x/ξh leads to a collapse of the various curves
for different g [60], indicating that A′l, A
′′
l and αl weakly de-
pend upon g, and, most importantly, that the length ξl must
be proportional to ξh – in fact our results are consistent with
ξl ≈ 0.6 ξh. Moreover Fig. 8(b) strongly suggests that the
value of the contour at the border is consistent with the scal-
ing law Cs(1) ≈ ξ−2h h(l/ξh) with h(∞) ≈ 0.075. These
elements allow to conclude that for l→∞ and x 1
Cs(x) ≈ A
′
∞h(∞)
ξ2h
[
e−x/ξh +
A′′∞
xα′
]
(54)
so that
SA ≈ 2A
′
∞h(∞) l
ξ2h
∫ ∞
1
[
e−x/ξh +
A′′∞
xα′
]
dx (55)
≈ a′ l
ξh
+O
(
1
ξ2h
)
(56)
recovering the dominant (area-law) term in the scaling of
Eq. (48) in the limit ξh → ∞ (i.e gn → 0). The exponent α′
is difficult to extract on moderate system sizes, as it requires
to study the contour for l  ξh, which in turn requires very
large sizes for small values of gn. We found that α′ ≈ 1.3 for
gn = exp(−4), and that it increases with gn.
4. Discussion
The most striking result of this section is that the healing
length ξh appears to determine the entanglement properties of
the weakly interacting Bose gas in a fundamental way, even
though it only enters as a global prefactor in the asymptotic
correlation properties of the weakly interacting Bose gas. In
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particular the healing length controls a crossover in the scal-
ing of the entanglement contour between a short-range expo-
nential decay and a long-range algebraic decay. Given that
the algebraic decay is integrable - leaving out an entangle-
ment area law - the entanglement entropy resulting from the
integral of the contour is dominated by the short-range part
of the latter, namely by the exponentially decaying behavior.
Therefore the healing length controls de facto the depth of the
region of A whose degrees of freedom are significantly entan-
gled with those of B. This implies that, for weaker interac-
tions, the size of the portion of A entangled with B increases
as so does the healing length; but in fact the entanglement
accounted for by our treatment globally decreases, because,
according to Eq. (56), SA ∼ ξ−1h ∼
√
g. Indeed as g → 0
particles out of the condensate disappear, but the area law of
entanglement is solely due to the modes orthogonal to the con-
densate.
The introduction of a similar notion of contour for density-
density correlations indicates that, contrary to entanglement,
correlations of particle number fluctuations between A and
B involve the whole bulk of A: indeed the algebraic decay
as 1/x of the fluctuation contour implies a logarithmic viola-
tion of the area law. Hence the weakly interacting Bose gas
is a striking example of a fundamental separation of scales
between entanglement and correlations: entanglement is ef-
fectively short-ranged (in the sense of converging integrals of
the contour), while fluctuations are long-ranged.
C. Hardcore bosons and Heisenberg antiferromagnet
At this point, it becomes especially interesting to study
systems of hardcore bosons, which, as already discussed in
Sec. III, are known to share the scaling properties SA ≈ ald−1
and δ2NA ∝ ld−1 ln l of the weakly interacting Bose gas.
Nonetheless they do not posses any intrinsic length scale such
as the healing length. Yet, the coefficient a of the entangle-
ment area law must still have the dimension of an inverse
length, but the only length left at our disposal is the lattice
spacing. We know that the predictions of Bogoliubov theory
cannot be safely extrapolated outside of its range of validity,
namely gn/J  1. Nonetheless, taking the limit gn/J →∞
(or ξh → 0) in Eq. (51) could lead to anticipate an algebraic
decay of the contours, with a unit exponent for the fluctuation
contour, and larger than one for entanglement contour. This
scenario is very plausible in light of the critical nature of the
hardcore boson gas.
1. Hardcore bosons (XX model)
We begin our investigation with the square lattice S = 1/2
XX model, equivalent to hardcore bosons at half filling via
the well known Matsubara-Matsuda transformation [44]. The
Hamiltonian reads :
H = −2J
∑
〈ij〉
(
Szi S
z
j + S
x
i S
x
j
)
= −J
∑
〈ij〉
(
b˜†i b˜j + h.c.
)
(57)
where S are S = 1/2 spin operators and b˜i, b˜
†
i are hard-
core boson operators, such that Szi =
1
2
(
b˜†i + b˜i
)
and Sxi =
1
2i
(
b˜†i − b˜i
)
. (Note that we have made the seemingly uncon-
ventional choice of coupling the x and z spin components in
Eq. (57), in such a way that the z quantization axis lies in
the plane where the spin-spin couplings occur). The result-
ing hardcore boson Hamiltonian can be viewed as the limit
U → ∞ of the Bose-Hubbard Hamiltonian (Eq. (35)). The
model in question can then be reduced to a quadratic bosonic
form via a conventional spin-wave theory [45], built around a
ferromagnetic state in the XZ plane, ⊗i|sz = 1/2〉i, thanks to
the Holstein-Primakoff (HP) transformation
S+i =
√
1− b†i bi bi Szi =
1
2
− b†i bi (58)
where the HP bosons are constrained to occupations 0 ≤
b†i bi ≤ 1. Discarding terms beyond quadratic order in the HP
bosonic operators leads to the desired quadratic Hamiltonian,
whose form in momentum space reads:
H = E0 + 2dJ
∑
k
[
(2− γk)b†kbk −
γk
2
(b−kbk + b
†
kb
†
−k)
]
(59)
Here E0 = dLdJ/4 is the classical ground state energy, and
γk = (1/d)
∑d
p=1 cos(kp), where k1 = kx, k2 = ky , etc. . In
the following of this section we will specify to the case d = 2.
The Hamiltonian in Eq. (59) is of the form of Eq. (36) with
Ak = 2− γk and Bk = −γk (up to a global irrelevant energy
scale of 4J).
We would like to stress here that the physical meaning
of the quadratic Hamiltonian obtained via spin-wave theory
is rather different from that obtained via Bogoliubov theory
for the weakly interacting Bose gas. In the latter the refer-
ence state is a coherent-state representation of the condensate,
and the “small parameter” is the occupation of modes at fi-
nite wave-vector by the physical bosons. In the former the
reference state is the classical ferromagnetic state, which is
an eigenstate of b˜i + b˜
†
i – somewhat analog to the coherent
state describing the condensate within Bogoliubov theory –
but the quadratic Hamiltonian is obtained by “re-bosonizing”
the physical bosons into HP bosons, and the small parameter
is the density of HP bosons, irrespective of their wave vector.
The difference between Bogoliubov theory and spin-wave
theory becomes manifest in the treatment of the k = 0 (Gold-
stone) mode. At variance with the Bogoliubov Hamiltonian,
the spin-wave Hamiltonian in Eq. (59) does contain the term
at k = 0, which, on a finite-size system, gives a divergent con-
tribution in the k-space sums defining the functions f and g in
Eq. (42). To cure this divergence in a controlled manner, we
adopt the prescription of Ref. [6], gapping out the zero mode
with a small gap which vanishes in the thermodynamic limit.
Such a gap is obtained by applying a term −h∑i Szi to the
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FIG. 9: Scaling of the entanglement entropy for hardcore bosons
(XX model) in d = 2 and 3. For each size l, A is taken as half of a
2l × ld−1 (hyper)-torus in d dimensions. Black curves show fits of
the form SA = ald−1 + b ln l + c. (a) d = 2, with fit parameters
a = 0.1549, b = 0.4995 and c = 0.2933. (b) d = 3, with fit
parameters a = 0.0485, b = 1.0006 and c = 0.3623.
Hamiltonian Eq. 57, namely a magnetic field along z which
stabilizes the classical ferromagnetic ground state; the magni-
tude of the field is chosen so as to induce a gap vanishing to
zero as L−d in the thermodynamic limit [6] (see Section VII
for a detailed discussion).
Once the divergence in the f and g functions is cured, one
can study the entanglement properties via the diagonalization
of the generalized density matrix Eq. (11). On the other hand,
the density-density correlation function for hardcore bosons
reads
〈δniδni〉 = n
V
∑
k
eik·(ri−rj)
√
1− γk
2
. (60)
The derivation is detailed in Appendix C. We notice that
Eq. (60) does not require the regularization of the k = 0
mode.
Numerically, we studied the half-torus geometry and found
the scaling properties δ2NA ∼ l ln l, and SA = al+ b ln l+ c,
with coefficients a = 0.1549, b = 0.4995 and c = 0.2933,
obtained from a fit on sizes of A up to 4002, as shown
in Fig. 9(a). The above results confirm the presence of
an entanglement area law with additive logarithmic correc-
tions, already reported in Refs. [14, 16, 40], to be contrasted
with the multiplicative logarithmic corrections of fluctuations.
Fig. 9(b) shows the scaling of entanglement entropy for d = 3
and is further discussed in Section VII.
Fig. 10 shows the entanglement and fluctuation contour
for hardcore bosons at half filling. The fluctuation contour
is found to decay as 1/x with the distance to the boundary,
whereas entanglement contour shows a power law with an ex-
ponent larger than one. The extraction of the power-law decay
exponent of the entanglement contour requires a careful ex-
amination. Indeed, on moderate system sizes, the behavior of
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FIG. 10: (a) Contour of density correlations and entanglement con-
tour on a half-torus for hardcore bosons. Solid lines show fits of
the form C = a[1/xβ + 1/(l + 1 − x)β ] + b, with β ≈ 1
for Cn. (b) Entanglement contour. Cs,0 is the contour associated
with the entanglement lowest mode, and C˜s = Cs − Cs,0 the con-
tour without the lowest mode. Solid lines show fits of the form
Cs,0 = A[1/xα0 + 1/(l + 1 − x)α0 ] + b, with α0 ≈ 1 and
C˜s = A′[1/xα + 1/(l + 1− x)α] + b′, with α ≈ 2.
the contour appears to be dominated by a single contribution
coming from the “entanglement lowest mode” (i.e. the eigen-
mode of the entanglement Hamilonian of lowest “entangle-
ment energy” ωα, and therefore of highest weight). As further
discussed in Sec. VII, this mode gives a logarithmically diver-
gent contribution of ≈ 0.57 ln l to the entanglement entropy,
and therefore it does not contribute to the area law but to the
subdominant terms in the entanglement scaling. This anoma-
lous contribution to the entanglement entropy can be either
understood via the scaling of the associated entanglement en-
ergy ω0 (as further discussed in Sec. VII), or via the spatial
structure of the mode, reflected in its contribution to the con-
tour, Cs,α(i) = wα(i) Sα. The latter is found to exhibit the
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following properties
Cs,0(x)
Cs,0(1) ≈
A
x
Cs,0(1) ≈ A
′
l
. (61)
The 1/x decay of the contour and the 1/l scaling of the con-
tour on the boundary produces the ln l contribution of the
mode to the entanglement entropy. In particular the slow de-
cay of the lowest-mode contour masks the actual asymptotic
behavior of the total contour on moderate system sizes l: it is
therefore convenient to eliminate the contribution to the con-
tour from the lowest mode, and to analyze C˜s(x) = Cs−Cs,0,
as done in Fig. 10(b). The contour without the lowest mode is
found to scale as :
C˜s(x)
C˜s(1)
≈ B
xα
C˜s(1)→ B′∞ (62)
with α ≈ 2. The integral of 1/x2 being finite, the area law for
entanglement entropy follows immediately.
2. Heisenberg antiferromagnet
We end our survey with the square lattice S = 1/2 Heisen-
berg antiferromagnet, whose fluctuation and entanglement
properties have been extensively investigated in the recent past
[6, 12–15]. The Hamiltonian reads :
H = J
∑
〈ij〉
Si · Sj . (63)
Applying spin-wave theory to this model leads to the
quadratic Hamiltonian
HSW = ENe´el+dJ
∑
k
[
b†kbk −
γk
2
(b−kbk + b
†
kb
†
−k)
]
(64)
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FIG. 12: (a) Fluctuation contour and entanglement contour on a half-
torus for the Heisenberg antiferromagnet. Solid lines show fits of the
form C = a[1/xβ + 1/(l + 1 − x)β ] + b, with β ≈ 1 for Cn.
(b) Entanglement contour. Cs,0 is the contour associated with the
two degenerate entanglement lowest modes, and C˜s = Cs − Cs,0
the contour without these lowest modes. Solid lines show fits of the
form Cs,0 = A[1/xα0 + 1/(l + 1 − x)α0 ] + b, with α0 ≈ 1 and
C˜s = A′[1/xα + 1/(l + 1− x)α] + b′, with α ≈ 2.
where ENe´el = −dLdJ/4 is the classical ground state energy.
The Hamiltonian in Eq. (64) is hence of the form of Eq. (36),
with Ak = 1 and Bk = −γk (up to a global energy scale of
dJ). The divergence in the f and g functions is eliminated
similarly to the case of the XX model, by applying a stag-
gered field which vanishes in the thermodynamic limit. This
allows to calculate the spin-spin correlations in a controlled
way according to the formula [6]
〈δSzi δSzj 〉 =
1
3
[
−1
4
δij + f(ri − rj)2 − g(ri − rj)2
]
.
(65)
The contour of density correlations (of spin correlations in this
case) is then Cn(i) =
∑
j∈B〈δSzi δSzj 〉.
The scaling of fluctuations and entanglement entropy where
carefully studied in Refs. [6, 12–15]: fluctuations were found
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to scale as δ2NA ∼ l ln l, and entanglement entropy as SA =
al + b ln l + c. Our results fully confirm these scaling behav-
iors and extend them to d = 3, as shown on Fig. 11, and the
study of contours, shown in Fig. 12, provides a microscopic
insight into these scaling laws. The behavior of contours for
Heisenberg antiferromagnet is found to be very close to that
of hardcore bosons studied in the previous section, the fluctu-
ation contour decaying as 1/x, and the entanglement contour
decaying as 1/xα with α > 1. We note however one im-
portant difference : the entanglement lowest mode, providing
an anomalous contribution to the contour and to the entan-
glement entropy (as discussed for hardcore bosons) is twofold
degenerate. The two degenerate lowest entanglement eigen-
modes feature a decay as 1/x in their entanglement contour,
while their contour at the boundary decays as 1/l: altogether
this gives an asymptotic contribution of ≈ 1.1 ln l to the en-
tanglement entropy, and a vanishingly small contribution to
the area law coefficient in the thermodynamic limit. In light
of their anomalously slow decay, and of their vanishing con-
tribution to the dominant area law of entanglement, it is con-
venient to remove the lowest modes from the analysis of the
contour, extracting in this way the correct asymptotic decay on
finite size systems. This is done in Fig. 12(b), where the con-
tour C˜s(x) is found to decay approximately as 1/x2, as found
for hardcore bosons in the previous section. Hence a seem-
ingly universal behavior of the contour appears to emerge for
gapless hardcore bosons (with or without nearest neighbor re-
pulsion). Future work will be dedicated to assessing the uni-
versality of such a behavior.
3. Discussion
We have seen that the fundamental difference between the
scaling of entanglement entropy and that of particle-number
fluctuations in the case of hardcore bosons / quantum spin
models arises from a different power-law decay of the cor-
responding contours – with a power law which is integrable
for the entanglement contour, and whose integral diverges
logarithmically for the fluctuation contour. A careful anal-
ysis of the entanglement contour requires a modal decom-
position, which in turn highlights an anomalous contribution
coming from the lowest mode of the entanglement Hamilto-
nian (whose role will be further discussed in the next section).
Similarly to what is done for fermions in Eq. (24), one could
imagine performing a similar modal decomposition for the
fluctuation contours, and investigating the contribution of the
zero mode. Yet this task cannot be simply accomplished for
bosons; in the case of hardcore bosons/ XX model, Eq. (C10)
in the Appendix allows apparently for such a modal decom-
position, but the resulting expression is non-local in space,
and, unlike the single-mode entanglement contour, the single-
mode fluctuation contour oscillates in sign, preventing a sim-
ple analysis of its spatial decay. In the case of the Heisenberg
antiferromagnet, Eq. (65) for spin-spin correlations does not
admit a linear modal decomposition, given the quadratic de-
pendence on the f and g functions. Hence, although the fluc-
tuation contour has a seemingly universal decay in the case
of hardcore (and even softcore) bosons, its modal decompo-
sition does not have universal features, unlike the case of the
entanglement which we shall now discuss.
VII. ENTANGLEMENT LOWEST MODE, GOLDSTONE
MODES AND TOWER OF STATES
So far, we have mainly focused our attention on the leading
term in the scaling of the entanglement entropy and fluctua-
tions, namely the area law or its violation. Nonetheless in the
case of bosonic models a significant attention been recently
devoted to the subleading term in the scaling of the entangle-
ment entropy [15, 16, 42], as Ref. [42] argued that such term
is connected to the number of components of the order param-
eter / number of Goldstone modes in a universal manner. The
modal analysis of the entanglement entropy performed in the
previous section allows to clarify the origin of the subdomi-
nant contributions to the entanglement scaling, as well as their
relationship to the number of Goldstone modes, in a rather
transparent way. Here we shall focus on hardcore bosons and
Heisenberg antiferromagnet, since, as already mentioned, log-
arithmic corrections to the entanglement entropy are not reli-
ably accounted for by the standard Bogoliubov approximation
that we use to describe the weakly interacting Bose gas.
A. Scaling of the lowest spin-wave mode
To start our analysis, we come back to the issue of the spe-
cial treatment of zero energy modes of the spin-wave Hamil-
tonians, Eq. (59) and (64). For hardcore bosons, there is one
mode of zero energy at k = 0, and for Heisenberg antifer-
romagnet, there are two modes of zero energy at k = 0 and
k = (pi, pi) – in general, one expects NG modes of zero en-
ergy in a model where the order parameter has NG indepen-
dent components, each mode being the zero-energy termina-
tion of a branch of gapless excitations (Goldstone modes). As
already discussed in Sec. VI C 1 these modes give a divergent
contribution to the functions f and g, but such a divergence
is an artefact of the finite-size system. Indeed in the ther-
modynamic limit one goes from discrete sums to integrals,
and the divergent contribution of the zero modes, going like
1/Ek ∼ 1/k for k→ 0, is integrable in d > 1 dimensions (as
the integration element is kd−1dk). A similarly integrable di-
vergence can be mimicked with discrete sums on a finite-size
system by demanding that the finite-size integration element
in k-space,
(
2pi
L
)d
, compensates the 1/Ek term for k → 0,
namely (
2pi
L
)d
1
Ek
→ const. (k→ 0) (66)
which amounts to requiring Ek=0 ∼ L−d. As discussed in
Ref. [6], this condition is achieved by applying a field which
gaps out the zero mode, and which scales as h ∼ L−2d.
Nonetheless the actual prefactor relating h and L−2d is rather
arbitrary – in principle, a natural choice would be the one
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which guarantees the same (finite) value of the order param-
eter for any finite system size as in the thermodynamic limit.
Refs. [6, 15, 42] choose the prefactor so that the order parame-
ter vanishes, arguing that this allows to restore the (inversion)
symmetry along the quantization axis by hand – this statement
is questionable, in that the symmetry is rather broken “twice”
(once when the quantization axis is chosen in spin-wave the-
ory, and a second time when the field is applied). In fact, we
shall argue that the results one obtains for the dominant, sub-
dominant and sub-subdominant terms of the scaling of the en-
tanglement entropy are completely independent of the choice
of the prefactor. Our choice is simply h = L−2d.
Beside removing divergences, the introduction of a gap
scaling as L−d has another, fundamental virtue. Indeed a
finite-size realization of a system breaking a continuous sym-
metry is expected to exhibit low-energy excitations in the form
of a tower of states (ToS) [46, 47], corresponding to collec-
tive, global rotations of the spins, and exhibiting level spac-
ings decreasing as L−d. In the case of the XX and Heisenberg
model the ToS spectrum is the one of a planar rotor and spher-
ical rotor respectively, with a moment of inertia scaling as Ld.
This non-linear ToS spectrum is energetically separated from
the spin-wave spectrum, whose level spacings scale as L−1.
Moreover all states of the ToS have zero momentum (as they
correspond to global rotations of the spins): populating spin-
wave states of opposite momenta does not produce states of
the ToS, since the scaling of the energy eigenvalues with L
is wrong. The only spin-wave state which can be potentially
related to the ToS is the zero mode, as it possesses the right
wavevector k = 0; hence the L−d scaling imposed to the
energy of the zero mode via the application of a suitable mag-
netic field is an effective way to mimic the scaling of the first
excited state in the ToS [48] – the higher states are not cor-
rectly reproduced, because populating the k = 0 mode with
several quasi-particles gives a linear N−body spectrum (nE0
with n = 1, 2, 3 . . . ), while the rotor spectrum is quadratic.
B. From the lowest spin-wave mode to the lowest
entanglement mode
Having identified the special role played by the zero mode
in the spin-wave spectrum, we remark that it has a fundamen-
tal relationship to a corresponding “zero mode” in the entan-
glement spectrum.
We focus on the half-torus geometry for the A subsystem,
which leaves a full translational symmetry along the A-B cut
and endows therefore the entanglement eigenmodes with d−1
quantum numbers corresponding to the wavevector compo-
nents for this displacement. In d = 2, the quantum number
is ky = 2pip/l with p = −l/2 + 1, l/2, y being the direction
along the cut; hence the (one-body) entanglement spectrum is
organized into “bands” ωn,ky (n = 1, ..., l). Fig. 13(a) shows
the one body entanglement spectrum for hardcore bosons for
the two lowest bands; each band is found to consist of doubly
degenerate eigenmodes, seemingly related to the existence of
two boundaries between A and B on the half-torus geometry.
Inspecting the spatial structure of the corresponding eigen-
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FIG. 13: (a) Entanglement spectrum on a half-torus for hardcore
bosons (l = 400). Only the two lowest bands are shown, each
band being two-fold degenerate (apart from the two lowest modes).
(b) Scaling of the two lowest entanglement energies ω0 and ω1.
Solid lines show fits of the form ω0 = a/lγ , with γ ≈ 0.57 and
ω1 = a
′/ ln(b′l), with a′ ≈ 10, b′ ≈ 4.3. (c) Zoom on the lowest
branch near ω1, showing that the dispersion relation is compatible
with ω1,ky ∼ | ln(ky)|−1 at small ky .
modes, we observe that the lowest band has eigenmodes alge-
braically localized around theA-B boundary, while for higher
bands the corresponding eigemodes have a weaker and weaker
weight close to the boundary. The high “energy modes” play a
small role in the entanglement properties, as they are weighted
by the bosonic occupation (eωn,ky−1)−1 in the modal decom-
position of entanglement, Eq. (12).
In Fig. 13(a) one can clearly observe the existence of an
isolated, lowest energy mode ω0 at ky = 0 (hereafter dubbed
“lowest entanglement zero mode”), scaling to zero energy
when l grows (as we shall detail shortly), and being non-
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FIG. 14: (a) Entanglement spectrum on a half-torus for Heisen-
berg antiferromagnet (l = 400). (b) Scaling of the two lowest en-
tanglement energies ω0 and ω1. Solid lines show fits of the form
ω0 = a/l
γ , with γ ≈ 0.56 and ω1 = a′/ ln(b′l), with a′ ≈ 10,
b′ ≈ 6
.
degenerate. We observe that this entanglement mode disap-
pears if the zero-energy mode of the spin-wave spectrum of
the full system is artificially removed from the calculation of
the correlation matrix; and that its entanglement energy ceases
to scale to zero for growing l if the lowest spin-wave mode is
gapped out with a constant gap (namely if a magnetic field h is
applied which does not scale with L). Hence this establishes
a fundamental relationship between the spin-wave zero mode
and the lowest entanglement zero mode. A similar relation-
ship between low-energy (ToS) excitations and the low-energy
entanglement spectrum has been established numerically (be-
yond Bogoliubov or spin-wave theory) for bosonic and spin
models in Ref. [49, 50].
Coming back to the lowest entanglement zero mode within
spin theory, how does it scale to zero? Fig. 13(b) shows that
ω0 scales as ω0 ∼ l−γ with γ ≈ 0.57. Moreover we ob-
serve that there exists an upper ky = 0 zero mode in the
lowest band (and non-degenerate, as the lowest mode), with
an energy ω1 scaling to zero as 1/ ln l (as shown in Fig. 13
(b)). The rest of the lowest branch of excitations is shown in
Fig. 13(c), and at small momentum ky , the dispersion relation
is found to be compatible with ω1,ky ∼ | ln(ky)|−1. Hence
the low-ky modes of the dispersion relation appear to go gap-
less as | ln l|−1. Ref. [34] predicts an explicit form for the
entanglement spectrum of the half space of Lorentz-invariant
and massless quantum field theories, namely ωk ∼ | ln(k)|−1
where k is the wave vector parallel to the cut of space. Given
that the continuum-space limit of the spin-wave dispersion re-
lation reproduces such a quantum field theory, one expects
that the prediction of Ref. [34] correctly captures the ky → 0
limit of ω1,ky . Our findings are clearly not in contradiction
with this idea, but there are serious finite-size limitations im-
posed by the logarithmic dependence of the dispersion rela-
tion, requiring prohibitively large systems to observe properly
the asymptotic ω1,ky → 0 behavior of the dispersion relation.
C. Logarithmic corrections to the entanglement entropy
The modal decomposition of the entanglement entropy in
Eq. (12) is dominated by the lowest energy modes ωn,ky → 0,
giving a contribution Sn,ky ≈ − lnωn,ky . Hence from the
modal analysis we conclude that, for l→∞
SA(l) ≈ l
2pi
∑
n
∫ pi
−pi
dky Sn,ky +γ ln l+γ
′ ln ln l +... (67)
The entanglement zero mode gives a ln l term in the entropy
scaling, while the other modes going gapless logarithmically
give a ln ln l contribution. The rest of the band gives instead
the dominant area law - as well as further logarithmic contri-
butions. The latter assumption (together with possible finite-
size effects) is apparently necessary to reconcile the value
of γ = 0.57 obtained from the scaling of the entanglement
zero mode with the prefactor b ≈ 0.5 found for the logarith-
mic term in the scaling of the entanglement entropy shown
in Fig. 9. Nonetheless the similarity between these two log-
arithmic terms is not coincidental. We stress further that the
existence of the additive logarithmic terms in the entangle-
ment entropy is fundamentally related to the L−d scaling of
the spin-wave zero mode – a fit of the entanglement entropy
gives a vanishing logarithmic term if we gap out the spin-wave
zero mode with a constant gap or artificially eliminate it. Yet
we observe that the prefactor of such scaling, while it alters
the prefactor of the scaling of ω0, leaves the γ exponent un-
changed, and therefore it does not affect the logarithmic con-
tribution of the lowest entanglement zero mode to the modal
decomposition of entanglement entropy (this applies as well
to the γ′ coefficient).
The relationship between the spin-wave zero mode, the
lowest entanglement zero mode and the logarithmic term in
the entanglement entropy is further manifest when investi-
gating the Heisenberg antiferromagnet, whose entanglement
spectrum is shown in Fig. 14. There we observe that all
entanglement eigenmodes – including the zero modes - ac-
quire a further double degeneracy, which reflects the double
(NG = 2) degeneracy of the spin-wave spectrum due to the
halving of the Brillouin zone. In particular, we observe that
the lowest entanglement zero mode exhibits an energy with
very similar scaling to the case of hardcore bosons, namely
ω0 ∼ l−γ with γ ≈ 0.56. Therefore the existence of NG low-
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est entanglement zero modes leads to a NGγ ln l contribution
to the entanglement entropy.
Ref. [42] argues that the prefactor of the logarithmic
correction to the entanglement entropy is a universal term
b = NG(d − 1)/2, which has been extensively verified for
d = 2 hardcore bosons and Heisenberg antiferromagnets in
Refs. [15, 16] via quantum Monte Carlo and spin-wave the-
ory. Our data for the scaling of entanglement entropy further
corroborate this conclusion, showing that for hardcore bosons
(NG = 1) the coefficient goes from b ≈ 1/2 to b ≈ 1 when
moving from d = 2 to d = 3 (Fig. 9), and that for Heisenberg
antiferromagnet (NG = 2), the coefficient goes from b ≈ 1 to
b ≈ 2 (Fig. 11). To prove that b = NG(d− 1)/2, Ref. [42] re-
lies on the contribution to the entanglement spectrum coming
from the ToS. Here we argue that, within spin-wave theory,
the logarithmic correction comes (mostly) from the lowest en-
tanglement zero mode descending from the zero spin-wave
mode, which approximates the first ToS excitation when in-
troducing a spin-wave gap which scales like L−d. To further
corroborate this statement, we verified that going from d = 2
to d = 3, the coefficient γ in the scaling of the entanglement
energy of the zero modes goes from ≈ 0.56 to ≈ 1.1, for both
the XX and Heisenberg model. The value of γ is thus found
to be quite close to (d − 1)/2. It remains highly surprising
to us that such a rough account of the ToS spectrum allows
to reproduce so precisely the universal logarithmic term in the
entanglement scaling.
VIII. CONCLUSIONS
In this paper we have addressed the fundamental question
of the relationship between entanglement and local quantum
fluctuations in extended quantum many-body systems, and we
have attacked this problem from the point of view of the spa-
tial structure of both properties. We have presented a survey of
widely different quadratic models, encompassing free fermion
Hamiltonians (with a gapless metallic, gapless semimetallic,
gapped trivial or topological band insulating ground state) and
quadratic bosonic ones (describing weakly interacting Bose-
condensed bosons, planar quantum magnets and Heisenberg
antiferromagnets). Entanglement and particle-number fluc-
tuations in a subsystem A have been decomposed into local
contributions via the use of contours, which allows to com-
pare/contrast the spatial decay of entanglement (when mov-
ing away from the boundary between the subsystem A and
its complement B) with the decay of correlations – and in
particular of density-density correlations, whose integral pro-
duces the fluctuation contours. The study of fermions reveals
that the decay of entanglement contour mimics closely that
of fluctuations, and that the spatial structure of entanglement
is fundamentally governed by that of density-density corre-
lations. In the case of bosons, on the other hand, the decay
of the entanglement contour is significantly faster than that of
the fluctuation contour. For weakly interacting bosons, if the
fluctuation contour decays as the inverse of the distance, the
short-range behavior of the entanglement contour appears to
be exponentially decaying with a decay length proportional to
the healing length, while the long-range behavior is algebraic
with a decay exponent larger than one, and seemingly de-
pendent on the interaction. For hardcore bosons and Heisen-
berg antiferromagnets, the entanglement contour appears to
decay approximately as the square of the inverse distance; the
lowest mode(s) of the entanglement spectrum contribute(s)
an anomalously slow term to the contour, decaying like the
inverse of the distance, and producing an additive logarith-
mic correction to the entanglement entropy. This contribution
from the lowest entanglement eigenmode is traced back to the
existence of gapless Goldstone modes in the spectrum of the
total system, and its prefactor is found to be fundamentally
controlled by the number of Goldstone modes and the dimen-
sionality of the system, as recently predicted by Ref. [42].
Our study shows that the entanglement contour provides
fundamental new insight into the entanglement properties of
quantum many-body systems and their relationship to corre-
lation properties. In the case of fermions, the relationship be-
tween entanglement and fluctuations, established rigorously
in a number of recent works [5, 9], is made physically trans-
parent by the use of contours, which exhibit a universal al-
gebraic decay in gapless systems, linked to the equally uni-
versal decay of density correlations. In the case of Bose-
condensed bosons, on the other hand, universal features seem-
ingly emerge in the hardcore limit, where the contour is found
to exhibit the same asymptotic decay in the case of the quan-
tum XX and the Heisenberg model. Yet the case of weakly
interacting bosons shows non-universal features, which need
therefore to be analyzed as the interaction is changed con-
tinuously. Here we adopt substantially different treatments
for weakly interacting bosons on the one hand, and hardcore
bosons on the other – which prevents us from bridging the
two limits within a single theory. Nonetheless this theory may
exist, as no transition is expected in between them; we post-
pone the discussion of such a theory and of its entanglement
properties to an upcoming publication [61].
Several fundamental questions are left open by our study.
First and foremost, the concept of contours should be ex-
tended to interacting many-body systems. The formulation of
contours stemming from the one-body local density of states,
Eqs. (18) and (19) allows to generalize them to quantum
many-body systems admitting a description in terms of free
quasi-particles at low energy, but a definition for most general
many-body systems is still lacking. Searching for such a defi-
nition one finds the same difficulty as that encountered for the
concept of “local entropy” in an extended, non-homogeneous
system, such as the one described by the entanglement Hamil-
tonian of an A subsystem. A local entropy could be in prin-
ciple achieved via a “local-density approximation” on the en-
tanglement Hamiltonian (provided that such an Hamiltonian
is explicitly known), relating the local behavior in A to that
of a translationally invariant Hamiltonian which has the same
structure (coupling strengths, external potentials, etc.) as the
local structure of the entanglement Hamiltonian. The local
entropy (or entanglement contour) would then be defined as
the entropy per site of the translationally invariant Hamilto-
nian; a step in this direction has been very recently taken by
Ref. [51]. In particular, the local-density approximation un-
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derlying the above construction can be rigorously justified in
the case of Lorentz-invariant and conformally invariant quan-
tum field theories: there the reduced density matrix can be
written in terms of a uniform local Hamiltonian (correspond-
ing to the microscopic energy density) immersed in a thermal
bath with spatially varying entanglement temperature [33, 34].
As already mentioned, the relationship between the entangle-
ment temperature and the contours remains a very interesting
open question for future studies.
Our study highlights an especially complex relationship
between entanglement and correlation properties for bosons.
The question concerning which correlation function/ fluctua-
tion property dominates the behavior of entanglement remains
wide open, and the answer is expected to be highly non-trivial
in light of the complex structure of entanglement contours.
Yet this question is of central importance in the endeavor
of establishing the relationship between measurable physical
properties and entanglement. Finally, even if our work is lim-
ited to ground state properties, it opens the path to the inves-
tigation of contours in the broader context of excited states,
out-of-equilibrium systems (as already undertaken in Ref. [1])
and thermal states.
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Appendix A: Entanglement Hamiltonian and correlation
functions
In this Appendix, we expose in details the general proce-
dure announced in Sec. IV A. A detailed discussion of the di-
agonalization of quadratic Hamiltonians is found in [25]. Let
H be a a quadratic Hamiltonian on a lattice with N = Ld
sites, expressed in terms of two N ×N matrices A and B :
H =
∑
i,j
a†iAijaj +
1
2
a†iBija†j +
1
2
ajB∗ijai (A1)
As H is hermitian, we take A† = A and BT = −B ( = −1
for bosons,  = 1 for fermions). Introducing the notations :
a =
a1...
aN
 α = ( aa†
)
η =
(
1N 0
0 1N
)
L =
( A B
−B∗ −A∗
)
(A2)
H is conveniently expressed as :
H = 1
2
α†
(
ηL)α+ 
2
TrA (A3)
The 2N ×2N -matrix L is Hermitian only for fermions, while
for bosons L† = ηLη. Thanks to this η-hermiticity, L can in
general be diagonalized according to a Bogoliubov transfor-
mation:
α = U
(
b
b†
)
≡ Uβ (A4)
where U is such that L = UDU−1 with D diagonal. Since
L† = ηLη, U† = ηU−1η. Diagonalization is always possible
for fermions, and a sufficient condition for bosons (always
satisfied in the model studied in this paper) is that ηL > 0.
Furthermore, thanks to the property σLσ = −L∗ where σ =(
0 1
1 0
)
, the eigenvalues ωα of L come into pairs (ωα,−ω∗α),
namely if
L
(
uα
vα
)
= ωα
(
uα
vα
)
(A5)
then
− σLσ
(
u∗α
v∗α
)
= ω∗α
(
u∗α
v∗α
)
=⇒ L
(
v∗α
u∗α
)
= −ω∗α
(
v∗α
u∗α
)
(A6)
In addition, if ηL > 0, one can show that the eigenvalues
ωα of L are real, namely that Eq. (A5) implies(
u∗α v
∗
α
)
ηL
(
uα
vα
)
= ω
(|uα|2 + |vα|2) > 0 (A7)
The last inequality implies that ω is real, and, incidentally, that
ωα and the η-norm |uα|2 + |vα|2 of the associated eigenvec-
tor have the same sign. ηL > 0 is a condition of thermo-
dynamical stability, implying that no perturbation around the
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ground state can lower the energy. On the other hand, the fact
that the frequencies ωα are real is fundamental requirement
for the dynamical stability, as it implies that (initially) small
perturbations around the ground state do not grow exponen-
tially in time. Under this condition L takes the form :
L = U
(
ω 0
0 −ω
)
U−1 (A8)
where ω = diag(ω1, · · · , ωN ). Consequently, with the same
notations, the matrix U takes the form
U =
(
u1 . . . uN v
∗
1 . . . v
∗
N
v1 . . . vN u
∗
1 . . . u
∗
N
)
(A9)
The property ηU†ηU = 1 means that the eigenbasis is
η−orthonormal :
u∗α · uβ +  v∗α · vβ = δαβ (A10)
uα · vβ +  vα · uβ = 0 (A11)
In the b basis,H takes the diagonal form :
H = b†ωb− 
2
+

2
TrA (A12)
We introduce the generalized one-body correlation matrix :
C˜ ≡ 〈αα†〉 = U〈ββ†〉U† (A13)
which can be expressed in terms of the one body correlation
matrices Cij = 〈a†iaj〉 and Fij = 〈aiaj〉, which satisfy C† =
C and F † = −F ∗:
C˜ =
(
1− C∗ F
−F ∗ C
)
. (A14)
If the total density matrix has a thermal form ρ = exp(−H),
the matrix of 〈ββ†〉 is simply diagonal in the b basis, each
mode bα being occupied by nα = 1/(exp (ωα) + ) quasi-
particles on average :
C˜ =
(
1− C∗ F
−F ∗ C
)
= U
(
diag(1− nα) 0
0 diag(nα)
)
U†
(A15)
we then multiply on the right by η :
C˜η = U
(
diag(1− nα) 0
0 diag(nα)
)
η ηU†η . (A16)
Since ηU†η = U−1 and multiplying by , we finally obtain :(
− C∗ F
−F ∗ C
)
= U
(
diag(− nα) 0
0 diag(nα)
)
U−1 .
(A17)
Note that when C and F are real matrices, a simplified treat-
ment is possible (detailed for instance in [28] for bosons)
which enables to diagonalize a N × N matrix, instead of
our 2N × 2N generalized correlation matrix. However, our
treatment is fully general, and applies as well for bosons and
fermions.
Appendix B: Density-density correlations for free fermions
The density-density correlation function for free fermions
can be obtained from the one-body correlation function
G(r) = 〈c†i ci+r〉 via the Wick’s theorem
〈δniδni+r〉 = n¯ δr,0 −G2(r) . (B1)
For fermions with a finite Fermi-surface, the one-body corre-
lation function is generally estimated in the continuum limit
(and assuming a spherical Fermi surface for d > 1) as
G(r) ≈
∫
|k|<kF
ddk
(2pi)d
eik·r . (B2)
For d = 1 this produces the well-known results for large x
G(x) ≈ sin(kFx)
pix
〈δniδni+x〉 ≈ −1− cos(2kFx)
2pi2x2
.
(B3)
Applying the formula Eq. (30) for the calculation of the con-
tour, one readily obtains that
Cn(i) ≈
∫ 0
−∞
dx′
1− cos[2kF (xi − x′)]
2pi2(xi − x′)2 ≈
1
2pi2xi
+ ...
(B4)
where the integral of the oscillating term is not calculated ex-
plicitly.
Appendix C: Density-density correlations for bosons
In this Appendix we explain how to obtain the expression
for density-density correlations in terms of the operators ap-
pearing in the quadratic bosonic Hamiltonians. The quantity
to be evaluated is:
C(ri − rj) = 〈δniδnj〉 (C1)
1. Weakly interacting Bose gas
The lattice Bose operator can be decomposed onto the mo-
mentum basis as
bi =
1√
Ld
∑
k 6=0
eik·ribk +
b0√
Ld
. (C2)
Within the Bogoliubov approximation, one makes the substi-
tution b0 →
√
N and introducing the operators δbi = bi−
√
n
(n = N/Ld), one obtains
C(ri − rj) ≈ n
(
〈δb†i δb†j + h.c.〉+ 〈δb†i δbj + h.c.〉+ δi,j
)
(C3)
where we neglected terms of order 3 and 4 in the δb operators.
Using the fact that
〈δb†i δbj〉 =
1
Ld
∑
k 6=0
eik·(ri−rj)v2k (C4)
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and
〈δbiδbj〉 = 1
Ld
∑
k 6=0
eik·(ri−rj)(−ukvk) (C5)
we obtain
C(r) =
2n
V
∑
k 6=0
eik·r(v2k − ukvk + 1/2) (C6)
Finally, using Eq. (39) for uk and vk, and after a little algebra,
we obtain
C(r) =
n
V
∑
k 6=0
eik·r
k
Ek
(C7)
withEk =
√
k(k + 2gn). This expression was used in [19]
and [20] to calculate atom-number fluctuations.
2. Hardcore bosons
In the case of hardcore bosons, the Matsubara-Matsuda
transformation introduced in Sec. VI C 1 leads to the identifi-
cation b˜†i b˜i−1/2 = Syi . Hence the density-density correlation
function for hardcore bosons becomes:
C(ri − rj) = 〈Syi Syj 〉 . (C8)
Rebosonizing the spins via the Holstein-Primakoff (HP) trans-
formation, Eq. (58), with quantization axis along z, one ob-
tains after linearization of the HP transformation
Syi ≈
1
2i
(bi − b†i ) (C9)
which leads to the following expression for the correlation
function :
C(ri − rj) = 1
4
(
〈bib†j + b†i bj〉 − 〈bibj + b†i b†j〉
)
=
1
2
[f(ri − rj)− g(ri − rj)]
=
1
4Ld
∑
k
eik·(ri−rj)
Ak +Bk√
A2k −B2k
. (C10)
Since Ak = 2− γk and Bk = −γk, one obtains :
C(r) =
n
Ld
∑
k
eik·r
√
1− γk
2
. (C11)
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